Lecture Tutorial: Angular Momentum and Kepler’s Second Law

Description: This guided inquiry paper-and-pencil activity helps students to describe angular
momentum, tangential velocity, and acceleration for orbiting objects. This resource is designed
to supplement Lecture-Tutorials for Introductory Astronomy for lecture-style classrooms.

Prerequisite:
® Angular momentum expressed as a cross-product
e Conservation of angular momentum
o Kepler’s second law
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Learning Sequence:

I. Angular momentum
The angular momentum of a point particle with position 7 and momentum p is equal to the vector cross-

product of the position and momentum vectors: L =7x p=F xm7 -

In each top view diagram shown below, an object of mass m moves with constant speed v, along the path
shown. In each case the origin O of a coordinate system is located at a distance d, from at least one point
along the path.

Case 1 Case 2 Case 3
P 0

(2 (Z)

@)

A. With respect to the origin O shown in each case, compare and contrast the angular momentum of
the object at points P, O, and S. Discuss both magnitude and direction.

How, if at all, would the angular momentum of the object in case 3 be different if the origin O
were to coincide exactly with point S? Explain.

B. For case 1 and case 2, state whether or not the angular momentum of the object (measured with
respect to the origin O) remains constant throughout the motion. (Recall that the particle moves
with constant speed in all cases.)
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C. Consider the motion of the object in case 3. Rank points R, S, and T according to the magnitude
of the angular momentum of the object at those locations. Discuss your reasoning with your
partners. (Hint: Consider the quantity r sin @ at the labeled points, where @is the angle between
randp.)

v" STOP HERE and check your results with an instructor before proceeding to the next section.

II. Changes in angular momentum

A comet moves past the sun as shown. For simplicity, assume that the Sun
gravitational force on the comet by the sun is the only force on the comet.

We can express di/dt, the rate of change of the angular momentum of the \ r

comet, as: \\
ar _ i(?xmﬁ) = (d—rxmﬁ) + (Fxm@) Comet N o
dt  dt dt dt X ;

A. Briefly explain why the final expression written above for Z_L contains two terms (not just one).
t

B. What can be said about the value of the first term, (fl_r x m?)} in the above expression? Explain.
t

C. Give an interpretation for the second term, (F X m @J , in the above expression.
dt

For the case of the comet, what can be said about the value of this term? Explain.
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D. Summarize your results here in section Il by answering the following questions:

1. In your own words, under what conditions will the angular momentum of an object change as
time goes on? Be as concise and as specific as you can.
2. If a comet (or any other body) moves under the influence of only gravitational forces, what
can be said about the rate of change of the angular momentum of that body? Explain.
v STOP HERE and check your results with an instructor before proceeding to the next page.
Your work in section II proves an important law in celestial mechanics. This law, named after the

German astronomer Johannes Kepler, is known as Kepler’s second law. (Note: This law is also phrased

in terms of the rate at which an orbiting body sweeps out area along its orbit.)

II1. Application: Velocity profile of a comet

A comet orbits the sun counterclockwise along the elliptical orbit shown at right. Several points (4 — E)
are labeled along the orbit. Points 4 and D are the points of farthest and closest approach, respectively.

E

Top view diagram Sun e

c

B

A. At each labeled point, draw and label arrows to indicate the directions of (i) the velocity and (ii)
the acceleration of the comet at that point. Explain how you determined your answers.
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B. Through which of the labeled points does the comet move with (i) the fastest speed? (ii) the
slowest speed? Justify your answers two different ways:

 Use your results in part A and your knowledge of motion in two dimensions to determine how
(if at all) the speed of the comet changes upon passing through each labeled point.

» Apply Kepler’s second law in this situation.

C. Suppose that distance between point A and the Sun were twice as long as the distance between
point B and the Sun.

1. Use Kepler’s second law to explain why the speed of the comet at point B cannot be twice as
great as its speed at point A.

2. Is the speed of the comet at point B greater than or less than twice as great as the speed at
point 4?
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IV. Application: Angular momentum, orbital planes, and eclipses

A.

The diagram below right illustrates the orbits of several solar system objects around the Sun. As
shown in the diagram, the eight planets follow orbits that lie within or very near the ecliptic plane
while Pluto follows an orbit that is “tilted” (by about 17°) relative to the ecliptic plane. (Image
credit: NASA.)

On the diagram, draw and label arrows to
indicate the directions of the orbital
angular momenta of (i) Earth and

(i) Pluto.

(Note: Ignore all interactions except those
between each of these objects and the
Sun.)

As the Moon revolves around the Earth, a “new moon” phase occurs whenever the Moon is
positioned between the Sun and Earth. However, as shown in the figure below, the Moon’s orbit
around Earth is itself tilted a little bit (about 5°) relative to the plane of Earth’s orbit.

With your partners:

e Explain why this tilt of the
Moon’s orbit (with respect to
Earth’s orbit) is consistent
with the idea that the Moon’s
angular momentum is a
conserved vector quantity
(that is, in terms of direction
as well as magnitude).

e Identify at which location(s)
along the Earth’s orbit a solar
eclipse is most likely to occur
(and hence, explain why a
solar eclipse does not occur
with every new moon).

Suggested supplement for LECTURE-TUTORIALS FOR INTRODUCTORY ASTRONOMY 6

This resource was developed by B. Ambrose, X. Cid, and R. Lopez. The co-authors acknowledge useful discussions with
J. Bailey, R. Vieyra, and S. Willoughby, and the support of a subcontract from the NASA Heliophysics Education

@ Find more teaching resources at aapt.org/Resources/NASA HEAT.cfm

Partner

Activation Team to Temple University and the AAPT under NASA Grant/Cooperative Agreement Number NNX16AR36A.




